Abstract. Let k 0 , k 1 , k 2 > 1 and K, E be abelian number fields of degree k 1 , k 2 with (δ K , δ E ) = 1. It is shown that every sufficiently large natural number n can be written in the form a k0 + N K|Q (α) + N E|Q (β) where a is an integer and α, β are algebraic integers in K, E.
Introduction
Let f be an integer-valued polynomial in many variables that is locally universal, meaning that f ( − → ζ ) = n is soluble over Z p for all n and p. It is quite often the case that f is not universal or even almost universal as indicated by the Brauer-Manin obstruction. The failure of Hasse principle, though, can be in some sense recovered if we allow more variables in the equation; it is a general phenomena that if a surface S(n) of higher dimension defined by F ( − → z ) = n contains the original surface S 0 (n) given by f ( − → ζ ) = n as a section, then it becomes almost universal, provided their codimension is sufficiently large. The Hardy-Littlewood method gives a powerful tool to conquer mostly the best results about the number of variables necessary for this.
Although this analytic method is powerful for many problems of additive nature, it has some technical limitations and a factor of log(deg f ) is invincible in general; most of the results satisfy dim(S(n))/ dim(S 0 (n)) ≫ log(deg f ). The term log(deg f ) arises from the technical difficulty to handle the minor arcs. If one considers a specific polynomial that is irrelevant of this difficulty, it is provable that log(deg f ) reduces to O(1).
In the 1960s, Birch, Davenport and Lewis already observed this and considered a specific type of k-forms. Let K be a number field of degree k, and let ω 1 , · · · , ω k be an integral basis for K. Denote the norm of x 1 ω 1 + · · · + x k ω k by N K (x 1 , · · · , x k ). In [3] they considered z k + N K (x 1 , · · · , x k ) + N E (y 1 , · · · , y k ) under some provisos, whose main result was following theorem.
Theorem 0.1. Suppose K, E are not both totally complex, and let δ K , δ E denote their discriminants. Suppose that, for every prime p dividing both δ K and δ E , the equation
has a non-sinigular solution in the p-adic field. Then (0.1) has infinitely many solutions in integers.
The strategy in their work was to follow the routine procedure of the circle method, except the treatment of the singular series. A typical way of dealing the singular series is to obtain an estimate of exponential sums S a,q , but a norm form N K (x 1 , · · · , x k ) has many off-diagonal terms which make it not easy to do that directly. In [3] instead, a technique invented by Birch was used to get an auxiliary lemma of the type q≤X q −2k q a=1 (a,q)=1 |S a,q | 2 ≪ X ǫ .
They also showed the positivity of the singular series, but without giving an estimate of its range.
In this memoir we prove almost universality of the polynomial z k 0 + N K ( − → x ) + N E ( − → y ) in a different setting that enlightens several new aspects. We treat abelian number fields K, E whose degrees k 1 , k 2 may be different and can be totally imaginary as well. We also provide an effective bound for the singular series. At the end of the memoir we include a section which shows the optimality of our conclusion; the sum of two norms can fail to be almost universal even when it is locally universal, as we will give an example in section 8.
The techniques in [3] seems to be applicable to deduce some of our results but will not exhaust the contents of this research. On a technical point of view, the key features of this memoir are the estimation of the exponential sum S a,q using local class field theory and the use of restricted sum which gives an estimate of the singular series, by removing solutions that are padically singular for a bad prime p.
In section 2 we reduce the integration over major arcs into the singular series and singular integral. The estimation of the singular series comes in three subsequent sections. Section 3 covers the exponential sums over bad primes. Section 4 gives some basics about algebraic number theory, which will be used in section 5 to design a particular system of representatives of O K /p L O K and by doing so to obtain a successful bound of S a,p L for nice primes p. Section 6 gives a fairly classic argument on the singular integral. We omit the estimation on the minor arcs because the reasoning in [3] carries over verbatim.
Notations and Settings
Let K and E be abelian number fields with ring of integers O K , O E and integral bases {ϕ 1 , · · · , ϕ k 1 } and {ψ 1 , · · · , ψ k 2 } whose discriminants δ K , δ E are relatively prime. Since (δ K , δ E ) = 1, for each rational prime p at least one of the inertial groups
It is the cokernel of the norm map in a part of the statements of local class field theory, and we know that
is locally universal. Throughout this paper we write
e(α) denotes e 2πiα and v p denotes the p-adic valuation as in tradition. P denotes the set of rational primes. We put Q = p∈P p wherȇ
In particular 1 ≪ Q ≪ 1. LetȒ K q be a system of representatives − → x modulo q such that for any prime p inP that divides q, one has N K ( − → x ) ≡ 0 (mod p).Ȓ E q is defined in the same manner, and letȒ q be a system of representatives
For brevity in the sequel we write − → z ≡Ȓ q for an integral vector − → z if − → z ≡ − → a (mod q) for some − → a ∈Ȓ q . Observe that − → z ≡Ȓ q for all q ≥ 1 if and only if − → z ≡Ȓ Q .
Throughout this article we let k = max{k 0 , k 1 , k 2 } and X i = n 1/k i . In the definition of major and minor arcs, we consider the Farey dissection of order n 1−ν where ν is a fixed small positive number, in particular, less than 1 5k
. For a technical reason in the estimation on the major arcs, we need to choose small boxes
k 2 that will be determined later. Let B = B 0 × B 1 × B 2 and let X i B i = { − → r :
, and so isB E (n). We want to estimate the number of solutions to F ( − → z ) = n with − → z ∈B(n), viz,ȓ
e(αF ( − → z ))e(−nα)dα for some real number c. For simplicity we write a mod* q to denote the summation over a that runs through 1 to q under the condition (a, q) = 1. We choose the major arcs for 1 ≤ a ≤ q ≤ n ν and (a, q) = 1, given by
and the minor arcs m = (n
Note that M is a disjoint union of the segments M(q, a).
The Major Arcs
For each rational prime p and (a, p) = 1, let
a,p L are defined in the same manner. For (a, q) = 1 we also put
Let κ(q) be the squarefree kernel of (q, Q).
Proof. Let q = lcm(q, Q) = q Q κ (q) and write
M is the supremum of the absolute value of directional derivatives of h( − → η )
Observe that any convex body U ⊂ A(q, − → b ) can be divided into unit boxes together with at most
possible broken boxes. Hence
, one has
It follows that
and the lemma follows.
We introduce typical notations for the major arcs now. Compared to the classical ones, the singular series contains some additional terms in its summands as we use the restricted sum over − → z ∈B(n).
In particularȂ n (1) = 1. Possible issues on the convergence ofχ n (p) will be clarified later. We also define the singular integral
Theorem 2.2.
(2.1)
I(β)e(−nβ)dβ. Note that there are O(n 2ν ) pairs (q, a) in the major arcs and each interval M (q,a) is of length 2n ν−1 . From lemma 2.1,
and (2.1) follows.
3. The singular series I
In the same manner, the set
is bijective toȒ K qr and so is
An immediate implication of lemma 3.1 is following
Observe that we obviously have
for (q, r) = 1. Hence if we assume the convergence of lim t→∞S (t, n) =S(∞, n) which will be established later, we get
LetM n (q) be the number of solutions to
It is obvious thatȒ p m can be constructed fromȒ p for any m ≥ 1, namelyȒ
The estimation ofȂ n (p L ) for p ∈P uses next lemma.
Proof. Without loss of generality, assume i = 0 and let
for all a, b, c, · · · ∈ Z. The Hensel's lemma can be applied to this situation in a form that starts from a higher power of p:
And this process goes on. Thus for any
Observe that this r can be lifted to a number modulo p M −u 0 −1 in p u 0 distinct ways. The value of N 0 (M) easily follows by counting the choices of ξ 1 , · · · , ξ t and
Proof. Note that p
, and we have
≡ 0 (mod p γ+1 ) for some i. As described in the proof of lemma 3.4, this solution − → z is one of the lifts of − → ζ ∈Ȓ p 2γ+1 when m ≥ 2γ +1 and so the solutions − → z ∈Ȓ p L and 
The estimation ofȂ n (p L
Algebraic lemmas for the singular series
For the estimation of the exponential sum S a,q , we translate the sum-
Lemma 4.1. Let e, f, g be the ramification index, inertial degree and decomposition number of p in K|Q and write
and for each m with 1 ≤ m ≤ g, let {r
Proof. Let G = Gal(K|Q). We first recall that
Indeed, the coefficient of each term x
) is an algebraic integer which is invariant under every σ ∈ G, so it is a rational integer. Hence for any integral vector − → v that is
We may work on a more general situation like the following. Let I, J be integral ideals of O K that are relatively prime and q, r be their absolute norms. Note that q, r need not be relatively prime. Let {t 1 , · · · , t q } and {u 1 , · · · , u r } be systems of representatives of O K /I and O K /J. Suppose we put v i,j = βt i + αu j for some α ∈ I, β ∈ J. Then v i,j ≡ βt i mod I, and Because I and J are relatively prime, I + J = O K and there exist α ∈ I and β ∈ J such that α ≡ 1 mod J and β ≡ 1 mod I. 1 + I is clearly a unit in O K /I (in particular, not a zero divisor). The existence of α, β that satisfies the conditions mentioned above follows from this.
As an obvious generalization, assume I (1) , · · · , I (g) are integral ideals that are relatively prime and let ν m = N(I (m) ). If {r
ig , the set Let e, f , g be as in lemma 4.1. We want to choose a system of representatives of O K modulo p eL m in a nice way. Consider the ideal class group C of K and a class [I] ∈ C containing I. An analogue of Dirichlet's theorem on primes in arithmetic progression is that the prime ideals of O K are equi-distributed among ideal classes in C on a probabilistic point of view (chapter 11 of [7] ). We simply take a weaker form of this for granted that every ideal class contains infinitely many prime ideals.
Firstly, consider [p 1 ] ∈ C. Then there is a prime ideal a 1 such that
By the infinitude of the prime ideals in every ideal class, we can in addition assume (a i , a j ) = O K for i = j. It follows that there exists an element 
The singular series II
Let R be a system of representatives of O K /p L O K and R * = {r ∈ R : p ∤ N K|Q (r)}. Let e, f , g be as in lemma 4.1. Note thatS 
Now assume L = 1 and p is unramified in K|Q so that N K|Q (r) takes every nonzero value modulo p. Considering N K|Q (ru) for u ∈ R * , it is easy to see that the number of r ∈ R * satisfying N K|Q (r) ≡ m (mod p) is the same for each value of m = 1, 2, · · · , p − 1. It follows that
We include a classical bound of an exponential sum for convenience. Let S Let e, f , g be as in lemma 4.1, t 1 , · · · , t g and α (1) , · · · , α (g) as described in section 4. Choose a system R of representatives of O K /p L O K whose elements are of the form given by (4.1).
Proof. We prove the first inequality. Write L = uf + v, 1 ≤ v ≤ f and let R m = {r ∈ R : r ∈ p m }. The case L = 1 easily follows from lemma 5.1 and 5.2, so we assume L > 1. Since p ∤ k 1 , by lemma 5.1 and the inclusionexclusion principle
where
. By the choice of R, we have (a (i 1 ,··· ,i l ) , p) = 1 and
whence for some m
where the equality holds when v = f . We have proved that vθ (v) ≤ log p k 1 in both cases; hence from (5.1)
The next one is an immediate corollary.
Now the singular series is estimated.
Theorem 5.5. There exist positive absolute constants c 1 , c 2 that depend only on K and E such that c 1 <S(n ν , n) < c 2 for all sufficiently large n.
follows from corollary 3.2, lemma 3.5 and 5.4. More precisely we have
so it suffices to show that 0 < c 1 <S(∞, n) = p∈Pχ n (p) < c 2 for some constants c 1 and c 2 .
For p ∈P,
which implies that there exists a prime p 0 depending only on K and E such that 1 2 < p≥p 0χ
Suppose p < p 0 . Recall that every prime p is unramified in at least one of K|Q and E|Q, so assume p is unramified in K|Q.
As in the proof of lemma 5.1, the number
Let e ′ , f ′ , g ′ be the ramification index, inertial degree and decomposition number of p in E|Q. Then
As for the upper bound ofχ n (p), if p ∈P then lemma 3.5 and 3.3 gives
If p ∈P,χ n (p) converges absolutely by lemma 5.4. As the bound in lemma 5.4 is independent of n, one can choose an upper bound U p ofχ n (p) that depends only on K and E. Therefore
The singular integral and minor arcs
The following proof is basically from [6] .
Proof. Choose small positive numbers φ 1 , · · · , φ k 1 +k 2 so that the real value φ 0 that makes φ 
is a nonsingular solution to F ( − → φ ) = 1. Let B be a box centered at − → φ with side lengthes 2λ. Write
= 0. Now for r 0 , r 1 , r 2 ∈ R consider the equation
Since both of φ 0 and N K (φ 1 , · · · , φ k 1 )+N E (φ k 1 +1 , · · · , φ k 1 +k 2 ) are nonzero, one can choose r 0 , r 1 , r 2 > 0 such that k 0 (r 0 φ 0 ) k 0 −1 = 1 and still satisfying
So we can assume c 0 = k 0 φ
and consider this as a map from θ 0 to t. Then, if λ is sufficiently small, the inverse function theorem tells us that θ 0 can be expressed in terms of t, θ 1 , · · · , θ k 1 +k 2 as a power series
where P is a multiple power series whose least degree terms are of degree at least 2. Hence ∂θ 0 /∂t = 1 + P 1 (t, θ 1 , · · · , θ k 1 +k 2 ) where P 1 is a multiple power series without a constant term. By taking λ sufficiently small, we can make
and we wrote a ∼ b to mean that the limit of their ratio equals 1.
V (t) is clearly a continuous function of t for |t| sufficiently small. We also observe that V (t) has left and right derivatives at every value of t, and these derivatives are certainly bounded for t in a small confined region. Therefore by Fourier integral theorem one has
and the theorem follows.
We merely state the estimation on the minor arcs, which can be easily seen in [3] . Theorem 6.2. There exists δ > 0 that depends only on K and E such that
Conclusion
By theorem 2.2, 5.5, 6.1 and 6.2 one has Theorem 7.1. The number of representations,ȓ(n), of n in the form z
The optimality of two norms and one variable
In this section we give an example which demonstrates the failure of localglobal principle in the equation N K ( − → x ) + N E ( − → y ) = n, using an integer valued quadratic form. The famous 15 theorem and 290-theorem classify all of the universal quaternary quadratic forms ([2] and [1] ), and Oh and Bochnak provided a complete classification of almost universal ones ( [4] ). Let f = f (x, y, z, t) be a quaternary quadratic form. f is said to be pisotropic if it represents zero nontrivially over Z p .
Theorem 8.1 ([4]
). For any positive definite integral quaternary quadratic form f , the followings are equivalent:
(1) f is almost universal (2) f is locally universal and, either (a) f is p-isotropic for every prime number p, or (b) f is 2-anisotropic and represents every element of {16, 32, 48, 80, 96, 112, 160, 224 }, or (c) f is equivalent to one of the following four forms • x 2 + 2y 2 + 5z 2 + 10t 2 (5-anisotropic) • x 2 + 2y 2 + 3z 2 + 5t 2 + 2yz (5-anisotropic) • x 2 + y 2 + 3z 2 + 3t 2 (3-anisotropic) • x 2 + 2y 2 + 4z 2 + 7t 2 + 2yz (7-anisotropic)
Here we borrow some of the basic theories about quadratic forms from [5] . Recall that one can readily assume a quadratic form to be diagonal, so we consider only diagonal ones in this section. Let (a, b) = (a, b) p = a,b p = ±1 be the (Hilbert) norm residue symbol so that (a, b) p = 1 if and only if ax 2 + by 2 − z 2 is isotropic in Q p .
Proposition 8.2 (Lemma 2.6. in [5] ). Let f = a 1 x 2 1 + · · · a n x 2 n with a j ∈ Q p . A necessary and sufficient condition that the quaternary form f be p-anisotropic is that it satisfies both of the following conditions:
( The following one asserts that whenever a quadratic form f is p-isotropic, it is p-adically universal. Proposition 8.6 (Corollary 2 in [5] ). An isotropic space is universal. Proof. When p = ∞, clearly the only solution to f ( − → u ) = 0 is − → u = − → 0 so f is anisotropic. Hence we assume p = ∞.
